CHAPTER XXXIV. (Continued). Sxcttow II. 


DOUBLE INTEGRALS, ETC. CULVERWELL’S 
METHOD OF DISCRIMINATION. 


1547. Double Integrals. The Case of two Independent 
Variables. 

Suppose there are two independent variables and a depen- 
dent one z which is a function of x and y, but of unspecified 
form. Let (p,q), (r, 8, t), (u, v, w, m), ete, be the partial 
differential coefficients of z with regard to x and y, of the 
first, second, third, etc., orders. That is, 


_% _%, pal? jh owi pa. , pP 
P=: y T a aay a Ta 

We shall also use capital letters with the following signi- 
tication, viz. : 


ete. 


OF op OF p ar aa anio 
X=’ Sa) ~ Oz’ 7 o> IEIR R= etc., 
and the notation 

ar 0.Q PIR 
P= y l= Ru=Ze » etc., 


the dots being intended as a reminder to the reader that the 
letters x and y not only occur explicitly in the several subjects 
of partial differentiation, but also implicitly through the 
presence of z and its partial differential coefficients. 


1548. We propose to discuss the variation of [fr dæ dy, 


where V is a function of x, y, Z; P, q; 7, S, t; u, v, w, m; etc., 
and the integration ranges over the region bounded by a 
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given contour in the x-y plane. Moreover, we shall assume 
that V and the several differential coefficients occurring remain 
finite, continuous, and single valued at all points of the region 
bounded, and at all points lying upon its contour. 

For each point x, y we shall suppose an infinitesimally 
small variation of position arbitrary from point to point and 
denoted as before by dz, dy. 

Now xv and y being independent, dz ought not to vary in 
consequence of changes in y, nor should dy vary in consequence of 


changes in x. We should therefore have 520, 2 ôy=0.* 


For convenience in the analysis, then, we shall suppose the 
variation dx in x to be the same for all points which lie on 
the same ordinate in the æ-y plane, and similarly the variation 
ôy in y to be the same for points which lie on the same line 
parallel to the z-axis. The variations being quite at our choice 
from point to point, we are entitled to do this. In other 
words, we shall assume dz and dy to be respectively inde- 
pendent of y and x. And this supposition in no way limits 
the results arrived at. ‘The supposition that dx and dy might 
be functions of both x and y is discussed by Poisson (Mém. de 
l'Institut, T. xii.), and the investigation there given leads to 
precisely the same restlt as that obtained by the supposition 
here made. [See De Morgan, D. and I.C., p. 454.] 


1549. Preliminary Considerations. 
If any function x(x, y) be varied by changing x to #+6z, 
we have, as in Art. 1492, 


t Əv ót 2 
ôxz=0 a XT = Ar Dp OX Xz OL — Xy BY) A Xuz OL Xay CY, 


è d 
Thus, if we write w for dz—p dr—q ôy, we have 
dp—rdx—s dy=w,, dqg—sdx—tdy=w,; dr—u dx—v dy=arz, 
ôS—vV 6L—W bY=Wzy, dt—wdxr—m dy=oy,; etc. 


equations similar to those of Art. 1492 for one independent 


variable. 
* Lacroix, C.D. et I., T. ii., p. 679. 


www.rcin.org.pl 


VARIATION OF A DOUBLE INTEGRAL. 663 


Again, to the first order, 
ôV =X 6a+ Y dy+Z 62+ P dp+Q 6q+R dr+S ds+T t+... 


whilst 2Y x +Zp +Pr +Qs +Ru +Sv +Tw +... 
aT P a Sue Tm +...; 
P? av- or? ty = Lev + Pus + Qty + Retge + Sity + Tent... 


to the first order. 
1550. Variation of ff V dæ dy. 


Let the region of integration be bounded by any specific 
closed contour, consisting either of one closed curve or of a 
system of arcs of different curves in the x-y plane, each of 


Fig. 449. 


such ares being itself subject to variation. Let the region in 
question be such as shown in Fig. 449. We have 


8 {| Vdedy=[[s(V dedy=| [aV dedy+ | Vd se dy +{[V dedy. 


i. d dx 
Now [va scay—([ |r ae dy. 
Integrating | V ce dx for a strip Q,0,Q,Q, defined by con- 


tiguous lines MQ,Q,, Q,Q, parallel to the a-axis, we have 
[V éz]atq—[V âz] -E 4 bx) da 

at Qs at Qz MQ, On ’ 

and this is to be integrated with regard to y to add up the 
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results for all such strips. Let do be an element of the arc of 
the contour; then 


[UV érleo—t¥ delia dy=|{[Vexg!|  +[v ert] hae, 


for, if we integrate with regard to o travelling in the positive 
or counter-clock wise direction, the value of dy in passing from 
Q, to Q, is of opposite sign to that of dy in passing from Q, to 
Q,. Thus, this integration yields \(v 60) do taken round 


the perimeter. Hence, double integration referring to integra- 
tion for the whole area bounded by the contour, and single 
integration to that taken in a positive direction round the 
perimeter, 


i dy\ ff dy 
| Vdéw dy=|(V so \do || (Fae) de dy. 
In the same way, with MEZ dôy, we have 


(y2 
fvasy=|v ety 
for a strip P,P,P,P,, defined by the contiguous lines NP,P,, 
P,P}, parallel to the y-axis, which is 


NP, / OV 
[V dy}at r, [V Sy Jat r — E Ek ôy ) dy, 


and this is to be integrated with regard to æ to add up the 
results for all such strips; then 


- d d 
[Tayler Vivure= -fva rE], bao 
== -{( Vy )de round the perimeter. 


Hence [va dôy= -|( Vey52) do—|)(F" ey) dx dy. 


Therefore the total result of the variation is to the first order 
| dy dx | | OV Əy 
8 || Vax dy=|V (soo! — ay 9) do+ (sv Fi ae — Say) de dy 


= fr (a32 sy) do, round the perimeter, 


+|[(Zo+ Po.+ Qoyt+ Roe t Swt Toy +...)dedy, 


over the area. 
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1551. In proceeding further it will be sufficient for our 
purposes to limit the discussion to the case where 


V=¢(a, Y, 23 Pq; 7%, 8 t), 
containing no partial differential coefficients of z of higher 
order than the second. For this will include all cases likely 
to be useful, and in any case if higher order differential 
coefficients should occur the process to be followed would be 
the same. 
Now, by Arts. 471 and 472, writing w for U, 


[Jeet Queda dy=-— [fo C+ 8 ae dy + [o(PSY— O52 )de 
and [| eset Sont Tonde dy = ffo te Soe oat eee? 


da T Seay! oy? 
dæ {| R, R, dy 
+I a Se bSeH o oe Ses} aa ldo 


where in each case the line integral is taken in the positive 
direction round the contour of the region. 


Thus we have || Vax dy=[H]+ | [Ko de dy, 


3.P _2.Q,%R, 2&8 2.7. 
æ Oy | ca æy oy? 


aad H= fy (609! — by 9) dot fo( PS YQ) de 


w, w dæ Hi dhe dy 
HUE or Hejit (|S? os +30) ab |e 


The terms of the group H depend solely upon the variations 
at the boundary of the contour. The terms in the surface 
integral are multiplied by the variation w, t.e. by dz—pda—qoy, 
which varies arbitrarily from point to point of the area 
bounded by the contour. 


where K=Z—— 


1552. Conditions for a Stationary Value. 
As in the case of one independent variable, if the functional 


relation of z with æ and y is to be determined so that || V dæ dy 
is to have a stationary value, t.e. so that J dy=0, we 


must have in the first place K=0, viz. a differential equation 
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between z, x and y; and in addition the coefficients of the 
several independent variations in the limit terms [H] must 
also vanish. 


1553. The Differential Equation. 

For the case considered, viz. V=@(x, y,z; p,q; 7, 8, t), the 
equation K=0 is a partial differential equation, in general 
of the fourth order. 

Forsyth (Diff. Eq., Ch. X.) discusses the solution of some 
forms of Partial Differential Equations of the second and 
higher order, but so far, even in the case of partial differential 
equations of the second order, it is only possible to perform 
the integration in special cases. 

The chief methods available are in the cases in which the 
equation takes the form 

(a) Ar+ Bs+Ci=U where A, B, C, D, U are 
or (8) Ar+ Bs+ Ct+ D(rt—s?)= vr aia of x, y, 2,p and q, 
for which we have the methods of Monge and of Ampére 
(Forsyth, Arts. 232, 265). 

These methods, however, are purely tentative and may fail. 

(y) We have also an important method known as the 
Principle of Duality, which amounts to reciprocation with 
regard to a quadric, usually taken as an elliptic paraboloid 
(Forsyth, Arts. 197 and 242). 

(6) For equations of form A=(rt—s*)"B, where A is a 
function.of p, q, r, $, t, homogeneous with regard to r, s and t; 
and B a function of z, y, z, p, q, remaining finite when rt=8?, 
we have Poisson’s method, which begins with the assumption 
of a functional relation between p and q, and which thereby 
limits any solution to be found in that way to developable 
surfaces satisfying the equation. 

(e) We have the case where the differential equation is of 
the class “linear with constant coefficients.” 

(ĉ) There are also various miscellaneous methods applicable 
in particular cases. 

The solution of the equation K=0 is therefore in any but 
very simple cases, in the present state of knowledge of the 
mode of treatment of Partial Differential Equations, an 
insuperable barrier. 
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When r, s, t are absent and V=¢(z, y, z, p, q), we have 
OAP D 0.Q 
aun 3 On dy y 
second order, and if it be of one of the forms enumerated a 
solution may perhaps be effected. 


, and K=0 is in general an equation of the 


Ex. Itis required to discover the class of surfaces for which f f (p?+q@*)dx dy 


has a stationary value. r 
Here V=p?+q?, Z=0, P=2p, Q=2q; and K=0 EA a an. fa =0, 


2 
whence z= F (x +ty)+ F(x — y). Gat * Oy? 


1554. It will be seen, however, that in some cases, even 
when the solution of the equation K=O in general terms 
is impossible, important geometrical properties of the class 
of surfaces satisfying it may nevertheless be deduced. 


1555. If V be of form V=A+ Br+2Cs+ Dt+ E(rt—s*), the 
capitals A, B, C, D, E being functions of x, y, z, p, q, it will be 
found by ordinary differentiation that the function K is an 
expression of the same type. Thus K=0 becomes in this 
case an equation of the nature to which the tentative processes 
of Monge or Ampère may be applied. 


1556. The Boundary Conditions. 
Taking the case V=¢(a, y, 2; p, q; r, 8, t), we have 


nore ae. i (Pz at 


= W, Wz do 
which is to oria when taken round the contour of the 


region. 

There will be as many equations resulting from this as 
there are independent boundary variations amongst the 
three ôx, dy, 6z, and this will depend upon the nature of 
the boundary. 

Take the case r, s, t absent, i.e. V= (x, y, z; p, q). 


Then [H]= [[ 7 wt- yt T |ø, 
where w=d2—p ôx —q dy. 
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1557. The ordinary cases occurring in geometrical applica- 
tions are: 

(i) When the boundary is altogether unspecified. 

(ii) When the surface to be discovered is to pass through a 
given plane curve fixed in space. 

(iii) When the surface is to be bounded by a curve which 
lies on a given surface but is otherwise unspecified. 

(iv) When in the latter case that given surface is a plane, 
to which the z-plane may be taken as parallel. 

Take the case V=¢(z, y, z; p, q) and consider these cases. 

(i) Boundary unspecified. Here dz, dy, dz are all inde- 
pendent at the boundary. Hence 


dy da _ dy dy da\ _ 
PE-O Vit—p(Pd-e7)=0, 
dx dy dy 
vat (Pa Og!) =o, 


that is, P=“—Q 2-0 and V=0 are to hold at all points of 


the EN ty which all conditions are unassigned. 


(ii) Boundary a given fixed curve in a plane parallel to the 
x-y plane. 

Here z is incapable of variation at all points of the 
boundary, t.e. dz=0. Also at all points of the boundary, 


Hence pig a =0 for all points of the fixed boundary. 


(iii) If the boundary of the surface sought is to be on a 
fixed surface, (x, y, z)=0, but to be otherwise unspecified, 


we have ¢,d2+ $,0y+$02=0, te. Go — 28 gp PY sy; ôx, dy 
being independent variations. $: $z 
Hence 


[verhot elta] 


-[ Vay- (p+%) sz- (9+) dy [3 —o, 
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and therefore 


Vie~ Cai 


pz” 
rë- (Phot) 


Remembering also that dz=pdzx+qdy at all points of the 
surface to be discovered, and that ¢,dx+¢,dy+¢,dz=0 along 
the boundary, we have (¢.+p¢,)dx+(¢y+9¢,) dy=0 along 


the boundary, i.e. dx/(py+-9¢2)= —4y/(¢z2+p¢z)- 
Hence the equations obtained above become 


{P (hz +p$z) +O(by+9¢2)} (G2+Poz)— V (pr +P$z) $e=9 
and {P(¢.+pd:)+9(¢y+49%2)} (dy tap) — V (by +9¢2) p: =0, 


i.e. they each reduce to V¢,=P(¢.+p¢)+Q(¢yt+ ¢2), or 
(V—Pp—Qq) ¢-=P¢z+Q¢,, which is to hold at all points of 
the bounding line upon the given surface. 


(iv) When the surface is merely a plane z=const., 


oz=9, gy=9, ¢:=1, 
and the condition becomes V—Pp—Qq=0, which is to hold 


at all points of the bounding line which lies on the given 
plane. 


1558. Relative Maxima and Minima. 

In the case where a maximum or minimum value of 
u=ff Vdædy is sought conditionally upon a second surface 
integral taff W dx dy retaining a definite value a, the same 


process applies as already employed in the case of a single 
independent variable (Art. 1504), viz. to make 


\Jv+am) dat 


an unconditional maximum or minimum. For it is obvious 
that if u is to be a maximum or minimum, w+ )qa is a 


maximum or minimum, t.e. [vam dæ dy is so also. 
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1559. Surfaces of Maximum or Minimum Area; Bubbles. 
Apply the theorems now established to obtain the condition that 
Í f ~I +p? +g dedy shall have a stationary value. That is, we are to 


find the nature of a surface which, whilst satisfying certain bounding 


conditions which may be subsequently imposed, is to have a maximum 
or minimum curved area. 


Here rA A Ui TEE TE Xa¥ AO ES TR E AE E NSE E. N 
WAEPER Jl+pi+g n 1+p?+¢q? 


The equation K=0 gives pas Ge =0, i.e. 
r pipt tgs) Donie a(petagt) 
Arpt (ep te APEP (+p 
i.e. (1+ p?+q")(r +t) =p*r + 2pqs +t, 
or (1+ p*)t—2pqs+(1+g*)r=0. 


This is a second order partial differential equation to determine z as 
a function of x and y. Without proceeding to its solution, it will be 
noticed that since the equation giving the principal radii of curvature 
at any point of a surface z= f(x, y) is 


(rt — 8) p? —-V1 +p? +? {(1+p*)t— 2pgs+(1+9q*)r}p+(1+p?+¢q"*P =0, 
this equation reduces for such surfaces as we are searching for to 
pP=(1+p?+9?P/(s?— rt). 
The roots are equal and of opposite sign. And if p,, pa be the roots, 


Pi +p.=0, or what is the.same thing, ata =0, i.e. the sum of the 
1 P2 


principal curvatures is zero, and the surface is an anticlastic one with 
this peculiarity. Moreover, this is the condition of equilibrium (stable 
or unstable) of possible shapes of soap-bubble films with equal pressures 
on opposite sides of the film. For the hydrostatic equation for that 


difference of pressure is patito where 7 is the surface tension. And 


it will be recalled that a number of known surfaces satisfy this condition 
and are possible forms for soap-bubble films, e.g. the catenoid formed by 
the revolution of a catenary about its directrix; and this is the only 
possible form if it is to be also a surface of revolution. The helicoidal 
surface and the surfaces e*=cosy secx, sinz=sinh v sinh y are shown by 
Catalan to satisfy the same differential equation (Journal de [Ecole 
Polytechnique, 1856). See Besant, Hydromech., p. 217, who refers to 
Darboux, Théorie Générale de Surfaces, T. i., Liv. iii., for a full discussion 
of minima surfaces. 


Since the Potential Energy of a soap-bubble film is | TdS, where 7 is 


the surface tension and a constant, it will be evident that if the potential 
energy is to be a minimum the surface is to be a minimum. 
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If the pressure on opposite sides of the film be not the same, we have 
ata and the mean curvature is constant but not in this case zero. 

1560. If the boundary is to be on the surface $ (x, y, z)=0, the equation 
(V -Pp-Qq) $.=P¢.+Q¢, of Art. 1557 (iii) gives ¢,=pd.+¢¢y,, indicat- 
ing that the minimum surface is to cut (x, y, z)=0 orthogonally at all 
points of the bounding curve. 


1561. Let us next find the conditions that must hold when, for a 


given volume expressed by J | zda dy, we have a surface of maximum or 
minimum area. 


We are then to make | | (V1+p?+q?+Az)dxdy an unconditional 


maximum or minimum. Here 
q 


p 
= 2 2 kos a AT he pes == 
V=V14+p?+¢?+Az, Z=), X=Y=0, P= ETETA Q EET 


E E SENA ERAY EP ! 
and K aae. tier. awe gives, similarly to the work in the last case, 


, +p?) t-2pge+(1+9")r_ 5 
(1+ p?+92)! 


so that in this case we have atom a constant, which is the case of 
1 Pe 
soap-bubble films in equilibrium, with a constant difference of pressure 


on opposite sides, such as might be maintained by closing the ends in 
the case of a film in the form of a surface of revolution and maintaining 
a constant air pressure in the interior, so that, provided the temperature 
remains constant, the volume also remains constant. 

It may be noted that a sphere and a right circular cylinder are surfaces 
which satisfy this differential equation, but that neither of them satisfy 
that of Art. 1559. 

1562. Case of a Surface of Revolution. 


This case may be discussed in an elementary way by making | Qry ds 
a minimum whilst f my? dx is constant ; i.e. § f (y N1 +y? + Ay’) dx=0. 


Here V=yNI +y? +y, X=0, Y,=yy’W1+y?, 
whence yV1+y7+Ay=yy?/V1+y2+C or y/N1+y2=C ni ry’. 

One of the radii of curvature (p’) of the surface is equal (in magnitude) 
to the normal (n)=yV1+y". Thus, i- 2 -À. 

For the other, we have 


dx C Pe G dy 
dy q= -hp tA) 
1 d@xf/dy C 
and Dae de = ya t >» 
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whence 1 ta; and if p’ be measured in the same direction as p, 


p’= —n, so that ar ty ear ; the same result as before. 


Fig. 450. 


1563. It is convenient in many cases to choose a less 
general variation. 

Let us take ôx and dy both zero, but vary z and the partial 
differential coefficients of z. We shall then have 

w= 02, @z= dp, wy= ôq, Wrz = OF, Wry= 68, Wyy= dt. 
With this variation the limiting terms [H], when r, s, t are 
absent, reduce to 
rm=| foe (2 Z- £) do | (Art. 1556); 

and for the very important case frequently occurring in 
geometrical applications, in which the region to be considered 
is bounded by a fixed closed curve in the plane of x-y, we 
have dz=0 at every point of the bounding curve, so that [H] 
vanishes identically. 

The partial differential equation K=0 will, when solved, 
usually give z as a functional form containing 2 and y, and, 
in the case cited of a fixed boundary, the functional form 
occurring in the solution will have to be so chosen that the 
surface obtained passes through the bounding curve. 

1564. Ex. Find whether a developable surface can be found which passes 
through the circle z=0, £? +y?=a?, and for which | | Vi+p?+qidz dy has a 
stationary value. 

The partial differential equation to be satisfied is 


(1+p?) ¢—2pgs+(1+9?)r=0. 
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If the surface is to be developable, we must take g=/(p). 

This will give [1+ {f(p)}?]-2pf(p)f’(p) +1 +P) (p)? =0, 
ie {f(p)— pf (p)?=-1-{f'(p)}? or f(p)=pf'(p)+N—-1-{f'@), 
which is of Clairaut’s form (see I.C. for Beginners, p. 230), with a 
solation f(p)= Ap+N —1— 4%, i.e. Ap—g= —N—1- A? 

Applying Lagrange’s method to this (Forsyth, D. Eq., Art. 184), 


d dy ds, 
Aah. ae led 
whence a+Ay=B, z-y/-1-A?=$(B), 


ie. c=yV —1— A?4+4(x+ Ay) is the functional solution sought. 

If we take ¢ to be zero and A to be /—1, we have a solution of our 
problem, viz.z=0. The circular disc bounded by z?+y? =a? is the develop- 
able surface which has a minimum area, and the principal curvatures 
of the plane surface are both zero, so that all the conditions are satisfied. 


1565. Consider the stationary value of ffu dS, where dS is an 


element of the surface represented by a supposititious relation be- 
tween x, y and z, and suppose that there is an accompanying 


condition that [fwa dy=a, taking U and W to be functions of 
z, y, z alone. 
N L EE aU MEET L 
Here V=UV1+p?+@+AW, Z= Nl tt tA 


P q 
P= U ——, = U -i , 

Mie ee A o. 
0.P_/oU dU p Pla porte) 
al =?) 2 n: Akg 24 g2)t arr. PREEN i 

CEE aaa a anaa ia diak D anah aa iai E 
BACA NR A T E AR E EN 
Oy Ney Oe “St p + gyt +p  (1+p*+9")? 
Hence K=Z- pigi Z2=0 becomes 
oU Ao ow + (OU ,0U 
CT apts get AE 14 ptt gt (So +S ppl +p +a") 

— (So +Y a)ai+e"+a)— UCC +p -2p (1+) =O, 


: ow oU ou _ ON F 
i.e. a Apt SP e a yrl) 
=U[(1+p°)t-2pqs+(1+9°)r]; 
Ow OU ou 


Ae pele 9 Scar 14L). 
Eor aeii —P ap 1G, urpe +>) 


www.rcin.org.pl 


674 _ CHAPTER XXXIV. 


If 1, m, n be the direction cosines of the normal to the supposititious _ 
surface z=$(z, y), say, viz. (€-2)/(—p)=(9-y)(-9) ={-4 
di pashan eee tially a 

Vit+p+¢ Nl+p4+¢ NI+P HE 

. Dery ee U yn) A dW 

Pi Pa ola n t" Oe) i Os” 


and 


and when f | U dS is unconditionally stationary, 
broth ov... ou, ou 
hm u( C i: t” a) 
If the surface in either case is to terminate in a line on any surface 
y(x, y, 2)=0, the bounding condition ( V — Pp — Qq)¥,= PYz + QYy becomes 
e AW 
(U+AWN1 +p? +q°)¥.=U(pyet ayy) or ppatghi- t= T Vn 


and in the unconditional case py,+qy,—Y,=0, and the surfaces then cut 
orthogonally at each point of such bounding line or lines. 


1566, A Method of Discrimination when the Limits are fixed. 
Jf we consider the case of fixed limits of integration for such an integral 


as v= | [Vite + Pde dy, say from y=% to y=y,, and from z=zx to 


æ=% the discrimination between maxima and minima may be conducted 
as follows, taking such a variation as described in Art. 1563. 
Suppose z becomes z+ &z and p, q respectively p+ôp and g+6g. Then 


V becomes J1+(p+op)?+(q¢+g). ‘This we must expand to terms of 
the second order, and we have 


V4 8Vavie pre | i+) tetti ti 1 papt, T) 


1+p?+¢" 8 (l+p+¢) 
sya PSpt+a oa . Spit òg? + (p ôg -4 dp)? 
Atp  2(1+p+g)? 


Hence the second order variation in $v is 


Sp? + ôq? + (p ôg -g dp) 
A aT Er mas 


which being essentially positive for all variations, the solution of Art. 1559 
gives a true minimum solution. 


1567. Taking the case of Art. 1561, the second order terms in 8V are 
those in V1+(p+68p)?+(q¢+8q)?+A(z+ 82), i.e. the same as the above, and 
are essentially positive. We therefore find a true minimum in this case 


also. We turn, however, to a more detailed consideration of the second 
order terms in the general case. 
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1568. Culverwell’s Method of Discrimination between Maxima 
and Minima Values. Reconsideration of the Variations to be given. 
In estimating the variation of 


uz Vdz, where V=¢{2, Y, Y, Diga sss y™}, 
To 


we have so far given to each letter, inclusive of x, an arbitrary 
change, so that the point v, y is displaced to 7+6éz, y+dy; 
and the direction of the path, its curvature and higher order 
peculiarities, indicated by y’, y” and higher order differential 
coefficients, have also undergone arbitrary variations and 
become y+ dy’, y” +8y", ete. 

Many writers prefer to keep z unaltered, and to vary y and 
its differential coefficients alone (see Art. 1563). 

Considerable simplification results in taking ôs to be zero. 
For then we have w=dy, w =dy’, w =dy", etc., instead of the 
more cumbrous expressions dy—y' da, ôy —y” da, dy” —y” ôx, ete., 
for which they respectively stand. But there is this dis- 
advantage, that when in an investigation dz has once been 
taken to be zero it cannot be restored at a later stage, whilst 
if we retain the variation of x from the beginning we can at 
any time make it zero. And in dealing with the terminal 
conditions, these terminals are not in general compelled to 
move upon lines parallel to the y-axis, but may lie on specific 
curves in which ôs necessarily varies with dy, and it has 
therefore been so far convenient to retain command of the 
variation of x as well as over those of the other letters. 


1569. To make ér=0 throughout clearly means that the 
deformation chosen of the hypothetical curve which represents 
a relation between y and gv, is one which is obtained by an 
arbitrary point to point variation of each ordinate. That is, 
each point is displaced parallel to the y-axis, through an 
arbitrary small distance with consequent alterutions in the 
values of the differential coefficients of y, which depend upon 
the particular variations arbitrarily assigned from point to 
point to the ordinates. That is, taking y= (x) to be a 
supposititious relation between x and y, which we are to test 
as to the possibility of its giving a stationary value to 


[Yaa between the limits v=x, and =m, then y= x(x)+€0(2), 
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where e is an infinitesimal constant not containing g, and 6(z) 
is an arbitrary function of x understood to be finite for the 
whole range of integration, would be the equation of a 
contiguous curve to y= x(a), and such that the variation 
of y at any point is 6y=c«0(x). We shall write x and 0 for 
x(x) and (x) respectively for short; and we shall take @ to 
have been chosen so that neither it nor any of its differential 
coefficients up to the (n—1)™ becomes infinite or discontinuous, 
but that they each remain either zero or finite throughout the 
whole range of integration. Then as eis taken independent of x, 
by’ =’, dy” =O", dy” =e”, ... dyY®™-Y9=cO"-) and dy™==cO™, 

But with regard to the last of these, viz. «0, we reserve 
to ourselves the right to make an abrupt change in the value 
we choose for it, provided such change be from one finite 
value to another finite value. With this supposition all the 
differentiations performed are valid operations, all the functions 
differentiated being finite and continuous real functions of x 
between the limits of the integration. 

1570. With such a system of increments, V is changed to 
V+dV={a, yt, te, y +0”, ... YH 0} ; 
and assuming V to be such that we may use Taylor’s Theorem, 
we have 


al 2 8 
V eve V+eAV+SAV+ER, 


at = 00) and SR isthe“ Remainder” 
after three terms. This expansion involves the assumption 
that all the Partial Differential Coefficients of V of the first 
and second orders with regard to y, y’, y”, ... y are finite 
and continuous functions for values of y, y’, ete., within the 
ranges from y, y’, etc., respectively to y+c0, y/+e6’, ete., for 
all values of x which lie within the limits of integration of 


d 
where A=0—-+0 
r Í ayt 


the integral fras, i.e. from x, to 2. 


Now g being taken as not subject to variation, we have 
2 
a[V de —[sVdr—e[(avyde+&, fanai fr aie 


and by taking e sufficiently small each of the terms on the 
right-hand side may be made greater than the sum of all that 
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follow it. Hence, so long as fa V)dz does not vanish, the sign 
of 6 [Vaz can be made to change by changing the sign of e. 
Therefore the primary condition for a maximum or a minimum 
value is that [arden should vanish, the limits being the 


same as those of the integral fra. 


E alien CATP HO Sut 40w 


cr ma 
oy)? 
where 0 itself is beati me this will be recognised as 
what the expression Yw+Yo'+Y,0"+... of Art. 1495 
becomes upon putting dz=0 therein. 

By integration by parts, as in Art. 1496, 


[AV )de=LY,6+ Y 0'4... + YemO"-P] + | Y6de, 


the term Véz not now appearing in the limit terms, as da=0. 
= Now let us take one variation between the two points 
(o Yo) and (x, y,) to be such that at each terminal the values 
of £, Y, Y, Y”, «.. y®» are the same for the varied curve 
y=x-+e6 as for the supposititious curve y= x itself. That is, 
suppose the two curves to have contact of the (n—1)™ order 
at the terminals. Then dy, dy’, .. oe: all vanish at the 
terminals, and therefore also 0, 6’, 6”. . 6» all vanish at the 


~ terminals. 


Therefore, with this variation [avyac—| Yo dx, and 0 being 
arbitrary from point to point along the path of integration, 
we must have Y=0 as a necessary condition that [(avyaz 


should vanish. This is the differential equation before obtained, 
and its solution has been seen to be of the form 


yYy=F (t, ci, Cg, -»» Con), OF Shortly, y=F, say, 


in which we may suppose that the several constants occurring 
have been found as heretofore explained by aid of the terminal 
conditions existing, and their values inserted. This relation 


_ is that for which the integral [raz assumes a stationary value, 


and the graph is called a stationary curve. This value of y 
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and those of its differential coefficients may now be substituted 
in V. 


1571. The variation of the integral now reduces to 
Tı e (% e(a 
af Vax=5| (AV )de+$| Rae, 
-Jæ ‘J a ‘Jao 


in which we are to consider a variation from the stationary 
curve, the supposititious curve y=x(x) having been discovered 
to be of the now known form y=F. 

As before, if we take e sufficiently small the sign of 


i. (A?V)da governs the sign of the right-hand side of the 
oi al so that the variation 6 j V dz is positive or negative 
according as f (A?V)dæ is positive or negative for all 
sufficiently small values of e of whatever sign. 

Therefore if FAT) be positive, [> Vdz is increased by 
such a SLM ag Sa the stationary atthe and if negative, 
decreased. It follows, therefore, that the stationary curve 
y=f gives a maximum or a minimum value to E Vda 
according as 4 (A?V)da-is negative or positive. We therefore 
nied to examine the second order terms f (A*V )da. 


1572. In the following examination of the second order 
terms, we shall follow the method given by Mr. E. P. 
Culverwell in Vol. XXIII. of the Proc. of the Lond. Math. 
Soc, 1892. It is only possible to give here a very abridged 
account of the results arrived at in Mr. Culverwell’s researches, 
and his paper should be read carefully by the advanced 
student. Various modifications of his notation and procedure 
are necessarily adopted here to bring the discussion into line 


with previous work, but the main course of his work is 
adhered to. 


1573. Such a variation of a path y= y between two specific 
terminals P and Q, as has been described in Art. 1570, having 
contact of the (n—-1) order with y= x at the terminals, so 
that 0=0'=6”=...=9-)—0 at P, and at Q, is said to be a 
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“fixed limit” variation, and is a legitimate variation, provided 
the conditions for the existence and continuity of the several 
differential coefficients and the validity of Taylor's Theorem 
are not violated. 


1574. “Short Range” Variation. 

Let APCQB be any path y= x, and let PC’Q be a “fixed 
limit” variation of the portion POQ. Let the abscissae of 
P and Q be £ and Â respectively ( > Å), and let £ be the 
abscissa of an intermediate point C on the are PCQ. Then 


f aoa) de= 00-day] = 007-0 (€) —019-( 6) —0°-9( 8) 


where n + p > 0, for by the condition of Art. 1573, A%-(€,)=0. 

If then the greatest numerical 
value of 6{?)(x) in the range Â to £ 
be called p, which is by supposition 
finite, we have 0(?-(¢) + (€—&)p, 
and therefore +(£,—&,)p, and ANA 
we take a very short range from P3 
to Q, &—& may be made as small 
as we please. Hence the numerical value of each of the 
quantities 6, 6’, 0”, ... 0@-», @™, may in such short range be 
regarded as indefinitely small in comparison with the next 
in order. Therefore 6, 6’, 0”, ... 0@-» are all negligible in 
comparison with the last variation 6™ for a “short fixed 
limit” variation. 


Now av= 0S +05, TE 40% 


eV 


Dy 
Hence for this short variation, 


aii 
ô [ra= | (0)? saits iis dæ, 


Fig. 451. 


ay Py V, and for such a 


variation reduces to (0° i 


and 0) occurs with an even power, so that if ———, dz retains 


sty 
one sign within these short limits ps P to Q è [Vax is 


positive or negative according as KA is positive or 


acy) 
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negative throughout that range when e is taken sufficiently 
small, 
Now, considering the finite range from r=a, to x=a,, the 


integral |” Vdz could not have a maximum for this range unless 
x 
eV 


o(y™)? 
mh, eV ‘ A 
z=% to s=% , nor a minimum unless 5 (yey dx remained posi- 


dæ remained negative throughout the whole range from 


tive throughout the same range. For suppose that there be a 

small portion of the range from 2, to x, say from Å to Â, in 
eV 

which Symp 


We could then take a “short range fixed limit” variation from 
P where «= &,, to Q where =å, without any variation at all 
for other parts of the stationary curve from a, to x. Then 
for this short ar repent 


e (a 


and for the ale of ie fönk from 2, to q there is no variation ; 


dæ has ceased to be negative and become positive. 


T 
therefore ô | "Vds for the whole range is positive for such a 

zo 
variation, and the condition for a maximum is that it shall 


be negative. Hence, unless dz retains a negative sign 


Cas 
o(y™)? 
for the whole range from x, to x, a maximum value of 

Tı 
| Vdz cannot occur. Similarly a minimum could not occur if 

To 

ov. 
a(y™)? 
part of the range. 

Hence, supposing that in the whole range from A(x=a,) to 
B(x=x,), x increasing throughout, there is no point at which 


dz, starting with a positive value, became negative for 


t (A?V) dx vanishes, small short range variations such as that 
jan described from the point P to the point Q upon it can 
be supposed to = made, and if in each of these ——_, saa 5 dx retains 
the same sign, Vds will have a maximum or a minimum 
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value according as that sign is negative or positive, remaining 
so throughout the whole range of integration. 

1575. It will be noted that in the above statement we have 

2 

written aq including the dz as a factor, because if in 
the case when in travelling from A to B we pass a point C 
at which the tangent to the path is parallel to the y-axis, and 
x increases up to a certain amount, viz. the abscissa of C, and 
then decreases on approaching B, dæ itself in such cases changes 


sign. Hence also in such cases must for a maximum 


eV 
o(y™)? 
or minimum also ena sign at C in order to preserve an 


invariable sign in dz throughout the path. 


sty 
We have now to consider the stipulation that there shall be 
no point between A and B, say with abscissa X, at which 


x 
| A?V dæ vanishes. 
zo 


P B 


Fig. 452, Fig. 453. 


1576. Conjugate Points on a Stationary Curve. 

Let A, Q be two points on a stationary path ACQB. 

Then, if Q be the first point along the are for which it is 
possible to draw a contiguous fixed limit variation AC’Q, which 
is itself also stationary, the points A, Q are said to be ‘conjugate’ 
to each other. 


If both paths be stationary, we must have s{Vaz—0 to the 


first order along each, and therefore each must be a solution 
of the same differential equation Y=0. Therefore, if the 
curve ACQ have the equation y= F(a, ¢,, Ca, ... Con), the varia- 
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tion AO’Q must have an equation of the same form, and the 
corresponding ordinate may be written 


TET Cit óC Co+dCQ, -+e Con F Con), 
so that by = he BB oy eo ea ei Py: lita 
peann this (n—1) ‘ks with ae to n, 


ôy = E iot E 6co+.. eb L dom, 
a 


Er D (n—1 42 oy (n—1) 

dy" N= 6 a+ . ôC +... + ogan 

Now dy, dy’,... dy" are to Lina at A(x, Yo) and also at 

Q(x, y). Hence we obtain by elimination of dc,, dc, ... don 

between the 2n equations arising, a determinant with 2n 
rows and columns, viz. 


MRN 


oy oy oy =0 
0c,” De,’ esossesoe Dean > 
Oye- Qy”-1) Qy- 


eaaa aim 
(e (Bele ee 


eee eee eee OPP ee eee ee eer eee ee eee ee ee 


Oy") Oy" 1) Oy n—l) 
( Oe, ) ( Oey ); We (a ), 
in which the first n rows, without suffix, denote the values at Q, (x, y), 
and the second z rows, with suffix 9, denote the values at A, (£o, Yo). 


This equation determines g in terms of x. That is, it gives 
the various points Q on the first stationary curve ACQB, 
starting from 4, to which it is possible to draw a contiguous 
fixed limit curve AC’Q, which is also stationary. And the 
first of the points Q which satisfies this condition is the point 
conjugate to A. 


1577. Now let a point P (abscissa X) travel along the 
curve AB from A(%, y,) towards B(x, , Yı), the curve being a 


stationary one for [vas Then we have seen that for this 


curve to give a maximum value to the integral, it is a primary 
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necessary condition that 


values of x from A to B. 
We shall show that as P travels along AB, the point con- 
jugate to A is also the first position of P for which 


x 
| A°Vde=0. 
Xo 


5G si dz should be negative for all 


Take a position of P very near A and connect AB by a 
“short range fixed limit” variation AQPDB having contact 


A 


Fig. 454. 


of the (n—1)™ order with the stationary curve at A and at P, 
and coinciding with it from P to B. Then, for this variation 


ey x 2 [Xx ia 
af Vie=6| Vae= Sl A'Vde+ 5 [ Bde 
To To “e To ‘x To 


2 
and over the short range 2, tc X, A?V is replaceable by asian 


which is of necessity negative, and therefore within this short 


range i Vdz is decreased by the variation tA ii be the 


sign of e when sufficiently small. Therefore 5 e a dx negative 
is a sufficient condition that the stationary path should yield 
a maximum value to [vac for this short range. 


Now let P travel onwards towards B. Then, A*V being by 
supposition a finite and continuous function of v, it cannot 
change sign except by passing through a zero value. Suppose 
that A?V, which started from A as a negative quantity, retains 
that sign until P arrives at a point C on the stationary curve 
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AB, and that at C, A? V =0, and beyond C that A?V becomes 
positive. Then fae Vda from A to C is a negative quantity. 
Suppose now that P travels beyond C to a point D such that 
fa? V=0 when the integration is from A to D, the positive 


values of the integrand which accrue beyond C having can- 
celled the aggregate of the negative values occurring before 
arrival at C. Take a “fixed limit” variation connecting 
A and D, viz. ARDB, having (n—1)™ order contact with the 
stationary curve ACDB at A and at D, and coinciding with 
it from D to B. Let X be now the abscissa of D. Then 


t x rx efx ath 
af" va=of" Vio=S[" avars |" Rdo= S| Rae, 
To To ‘x To "2 To ‘7 To 


and therefore vanishes to the second order of infinitesimals. 
Hence to that order 


[Vax for the fixed limit variation ARDB 
=| vas for the stationary path AP DB. 


It will follow that ARDB is itself also a stationary path 
from A to D. É 

For if any short- portion of it, say LRM, were not of 
stationary character, we could connect RM by a stationary 
short-range fixed limit path LR'M, and therefore 


f V dz (for LR’M) > | Vda (for LRM); 
A fva (for ALR'MDB) > | vax (for ALRMDB), 


ead a > [Vas (for APDB), 


and this would necessitate fa Vdx becoming positive between 


A and D, which is contrary to the hypothesis that D is the 
first point for which the integral ceases to be negative. 
Therefore the variation ALRMD must itself be a stationary 
curve between A and D, and D is itself the point conjugate 
to A. 
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Since f A*V dz is negative so long as s < xX, viz. the abscissa 
Xo 

of D, f V dx has a maximum value along APD for all values 

of x which are less than X. 


In the same way V dx has a minimum value for all values 
of x which are < X if A*V be positive at starting from A. 

1578. If, however, the conjugate point of A occurs before B 
is reached, fy dx, though stationary, will have neither a maxi- 


mum nor a minimum, as we shall now show. 

Take a short-range fixed limit variation FGH connecting 
two points, F on ALRMD, H on DB having (n--1}* order 
contact with these curves at the terminals F and H. Suppose 


A 


Fig. 455. 


this variation to have eA selected a stationary curve. Then, 


since by hypothesis = dz is negative, this variation gives a 


ay som 
maximum value for [Vax for that range, and therefore 
[va (for FGH) > fV är (for FDH). 
Heats | V de (for ARFGHB) > fy de (for ARFDB), 


and therefore >| V dx (for APDB). 
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Hence [Vax along APDB would not have a suing 
value; and it could not have a minimum value, for 5 spa 
is negative. 

Therefore, if the conjugate point to A lies between A and B 
the stationary path AB gives neither a maximum value nor a 


minimum value for [Vax for that range. 


We therefore have the following test: 
The stationary path AB having been determined, it will yield 


a maximum or a minimum value for |V ax, according as Samad? 


is negative or positive from A to B, provided there be no point 
conjugate to A lying between A and B. But in case of such point 
being existent between A and B the stationary curve from A to B 
yields neither a maximum nor a minimum. 


2 
In the case when somal vanishes at a point between A 


and B, but does not change sign, we could take a short-range 

fixed limit variation, including the point in question, vanishing 

to the second order, and the sign of af Vaz for this variation 
p3 To 

depends on third-order terms, and unless these also vanish for 


the value of x at the point, the sign of af" Vda could be made 


to change by changing the sign of e. Hence there would be 
neither a maximum nor a minimum for sucha variation. But 


x 
for other variations | ‘Vda has a maximum or a minimum as 
before. To 

1579. Illustrative Examples. 

(i) Take the case of the integral | (y dx of Art. 1502 (3). To find the 
point conjugate to the point £o, Ya on the ripen curve. 


The stationary curve is y= cot eet oy j Cat + gt. 


x 
Here ĝy= sco + r be, +p abet j 7 8eg, by’ = sateita y 2° 8es, and 


these are to vanish at (£o, y0) ua’ at (x, y). Hence the point conjugate 
to (Xo, Yo) is given by 
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1, 2% a°, a |=0, that is yh(r—x))'=0, 
i 1 and «=, is the only 
0, 1, % 7 solution. 
1 1 
1, o gjo? sito 
Oy, Gas ae 


Hence, in this case, there is no point on the stationary curve which is 
conjugate to any other. 


We also have V =y"? and San which, being positive, the stationary 


curve gives a true minimum value to Í y”?dx for any selected portion 
of the curve. 


(ii) In Ex. 1 of Art. 1502, viz. the shortest distance between two points, 
2, AV AEN 1 
V=VJ1+y%, A= os, x -= = 
” Oy? Oy’ J1+y" (1 +y% 
positive. And ina is obviously no point conjugate to any other on the 
locus y=Cy+¢,2, which is the solution of AV=0. The solution arrived 


at is therefore a true minimum solution, as is obvious of course from the 
nature of the case. 


, 


, and is essentially 


1580. The Case of two or more Dependent Variables. 
Resuming the discussion in Art. 1508 for the case 


rae: (n) 
vei ee \, 


bg AT a. 


and taking ¢,6, «,¢ as the fundamental variations of y and z, 
we have, upon putting dx=0, 


n=dy=¢,0, 1 =6,0', n’=e,0" ete., 
{=dz=e¢, (=a¢, =e wa etc., 


i =A 46° (n) 
and taking A =0 ay +9 oy" +6 , 


= ya , ð (m) 
id Tb a7 tte al 
> 1 1 
fy de—[H] +h Ye, -+Ze,p) d+ leds 4-e,A,)*Vdx-+ xl? ds, 
and the general forms of y and z are determinable from the 


differential equations Y=0 and Z=0, and the constants 
involved obtainable from [H]=0 as before explained. And 
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the same theorems hold as in the case of one independent | 
variable. But the second-order variation will in its highest 
differential coefficients become 


1 n) eV n) pim eV m eV 
xi XO Genet Pes a a raga tO) eam) 
in which the integrand is of the form 

re (04 see, hp” + te,?(p™)? ; 


and, as in D.C., Art. 497, the condition for an invariable sign 
is that rt—s? shall be positive, and the sign in question will 
be that of r or of t, for since rt—s? is to be positive, r and t must 
have the same sign. 


Thus it will be essential that 


eV OV { OV \ 
oy)? : D aly) gz 


shall be positive, and for a maximum we must have 


eV 
. pi oy)? 
negative, and for a minimum, positive. 


1581. The case 7t=s? in general necessitates an examination 
of the terms of (e,A,+«,A,)?V, which contain lower order 
differentials. This case is discussed by Mr. Culverwell in the 
paper cited above, to which the reader is referred. 

The method employed in the last article is clearly applicable 
if there be more dependent variables than two. Following 
the same method as before, the second-order variation takes a 
form similar to that discussed in Art. 502, Diff. Cale., with an 
exactly similar result. 


1582. Relative Maxima and Minima. 

It has been explained that when we are to search for the 
maximum or minimum value of v=|V dz, with condition 
wa |W dx= a given constant, say a, we are to treat fram) dx 


as an unconditional maximum or minimum, and we get 


(0+) =8((V +007) de= f(v + SW) de 


3 
-efka vaw) do+ 5 KATAA) da & [Ras 
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and with the same precautions as before with regard to choice 
of legitimate variations which will not violate conditions of 
continuity in the several differential coefficients, and which 
will ensure the validity of Taylor’s expansion, the terms of 
first order having been made to vanish as a primary condition 


for a maximum or minimum, we have farta AW) dx=-0, an 


equation already arrived at in Art. 1504; and then 
2 3 
8(0-+du) =§ (AV +A) d+ f(r dz, 


and the terms of the highest order in the integrand A? V +A A?*W 
are all we require in the discrimination between maxima and 


EN y eV W . 
minima, These terms are T gear ayy and for a maxi- 


mum this expression must be negative throughout the whole 
range of integration, and for a minimum, positive. In case of 
the existence of a point conjugate to (£o, Yo), such as D of Art. 
1577 on the stationary path, with abscissa X, lying between 
the limits of integration, the variations chosen must be 


such as to make af W dgx zero. For (see Fig. 455) beyond the 
point D the ohio f Wdx has been taken as zero. 
Therefore Y must be cons tao f Was along the stationary 
fixed limit variation ALRD TAAN same value as k W dæ 


along the original stationary curve APCDB, for which in 
general the value of À is different. 

The equation to find the position of the conjugate point is 
therefore modified by the introduction of À. 

The equation of the stationary path is now of the form 
y= x(2, A, Ci» Cy, +++ Cn). If, upon substitution of this value of 
y and its several differential coefficients we get 


Tı 
w=| Wdx=F (ap, Tis À, Cis Cay vee Coy) =4 
Xo 


upon variation of the constants we get the additional equation 
oF oF oF oF 
Or oA +55 60, +55 82 t i + as a 


Cy 


and the equations arising from the vanishing of dy, dy’, 
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ôy”, ... dy" at (a, Yo) and at its conjugate, which are now 
altered by the presence of À to 


oy oy dy dy w 

oA + ôe i A Tee ae ÔC = 0, 
OA Oc, a) : true at 
Oy’ Oy’ ay ay s= (Zp, Yo) 
Ay or tae, dc, The , Oo +. +a, bm Eio 
kajia 


tte (a, y). 


(n-1) nm—1) -1) n-1) 
These 2n ‘ 1 ace give, upon nian elimination of 
OA, ôC), A coo 6Cy,, 


Oy Oy [o MEAE oy =0 
Or’ Oc,” Oc,” OCon 
Oy’ Oy’ Oy’ Oy’ 

Ov’ Cc,” Oc,” Olan 

un yee ery F me si ir x 


a aia. Ai bat Bae 
(a) (5*), (3%), ak (54), 


eee ee eee U eee eee U CeCe eee eee ee eee eee ee eee eee eee ere eee r rr eres) 


ar). CE) Pale FEE), 
fo) 


> F OF dF OF 
ax? o; Taat 2G,” 


to determine the position of a point (x, y) on the stationary 
path conjugate to (£o, Yo). 

If such a point occurs between the limits w=, and =z, 
on the stationary path, this path will give neither a maximum 
nor a minimun. 


1583. When V contains more than one dependent variable, 
and these dependent variables are connected by an equation 
L=0, viz. the case discussed in Art. 1513, we proceed as there 
explained with the first-order variation to obtain the stationary 
solution. In passing to the second-order variation, we have 


z [A27 +AL)de, where A=e,A,+eA, (Art. 1580), 


where e0 and ep are the fundamental variations of y and 
z, and &0™, ep™ those of y™ and 2, We shall suppose 
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that the orders of the highest differentials occurring in V and 
L are the same. Then taking as before a short-range varia- 
tion, the variations 0, 6’, 0”, ... 0"-Ð may be all neglected in 
comparison with 6", and ¢, ¢’, ¢”,...¢'"- in comparison 
with ¢”). The only terms of A?(V+ AZ) which need be 
retained are therefore 


O(V+AL V+AL (V -4-AL 
G kdi diia Tan €,€,0™ pi) + hie e (p™}, 


where 6), g) are not independent but connected by the equation 


dL dL 
Ot ep ™=0, 


ay" 
(VAL) (OL\? ,e(V+AL) OL ƏL 
ene {amr (sm) A ya Baird By 
(VHL) ENT 
d (z1)2 D y™ 


must retain the same sign throughout the integration if a 
maximum or a minimum is to occur; and that sign must be 
negative for a maximum, positive for a minimum. 

For details of the case in which the orders of the highest 
degree differentials in V and L are not the same, the reader is 
referred to Mr. Culverwell’s paper [p. 252, L. Math. Soc. Proc., 
Vol. XXIII.]. 


1584. Bibliography. 

Readers wishing to pursue the subject of the Calculus of Variations 
further are referred to Todhunter’s History of the Progress of the Calculus 
of Variations during the nineteenth century and Researches in the Calculus 
of Variations, and to the treatises on the subject by Jellett and Strauch. 
Professor Williamson, in Chapter XV. of his Integral Calculus, gives an 
account of the “Sign of Substitution” used by Sarrus in his Essay, 
Recherches sur le Calcul des Variations, and makes much use of the same. 
In his Chapter XVII. the student will find much useful information 
with regard to the bounding variations in the case of a double integral 
and a discussion of some cases which arise in the treatment of the partial 
differential equation as well as several other interesting matters. The 
papers by Culverwell, of which considerable use has been made, should 
be referred to in R.S. Trans., 1887, and in Proc. of the Lond. Math. Soc., 
1891-2. Other writers are Moigno and Lindelöf referred to by Dr. 
Williamson (J.C., p. 465), Lagrange (Th. des Fonct.), Lacroix (Cale. Int., 
pp. 655-724), Jacobi, Legendre (Mém. de Acad. des Sc., 1783), De Morgan 
(D. and I, Calc., pp. 446-474), Poisson (Mém. de [Institut, T. XII), Abbott 
(Cale. of Var.), Airy (Math. Tracts), Woodhouse (Isoperimetrical Problems). 
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PROBLEMS. 


1. Find the stationary value of fr dx, taken between definitely 


fixed limits, where V= y? + 2myy/ + ny*, and discuss its nature. 
[Lacrorx, C.J., II., p. 721.) 


2. Mark out the range of limits on the parabola (x+ a)?= 
j\-2 
between which the integral Er (2) dz is a maximum, the range 
To 


between which it is a minimum, and the range between which 
it is neither. (Maru. TRIP., 1890.] 


3. The integral [|r Y, 2, p, q)dudy is found to be stationary 


when taken over the surface z=¢(x, y); show, by confining the 
actual variation of z to a small area on this surface, that the variation 
of the integral cannot always have the same sign within limits 
specified by a given curve through which the surface must pass, 
Hasa 
unless =; 6p? + 2 2 ap ag 
within fm limits, and Ne a criterion for discriminating maxima 
and minima. Show further that, for a true maximum or minimum, 
it must not be possible to draw a consecutive surface of stationary 
character which meets the original one in a closed curve within the 
die limits. Are these conditions sufficient as well as necessary ? 
[Matu. TRIP., 1890.] 


5p utaj oy 5 Oy” always retains the same sign 
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